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Abstract

A new scheme, All-Speed-Roe scheme, was proposed for all speed flows. Compared with traditional preconditioned
Roe scheme, All-Speed-Roe scheme changes non-linear eigenvalues in the numerical dissipation terms of Roe-type
schemes. With an asymptotic analysis, the low Mach number behaviour of the scheme is studied theoretically in two ways.
In one way, All-Speed-Roe scheme is regarded as finite magnification of Low-Speed-Roe scheme in the low Mach number
limit. In the other way, a general form of All-Speed-Roe scheme is analyzed. Both ways demonstrate that All-Speed-Roe
scheme has the same low Mach number behaviour as the original governing equation in the continuous case, which
includes three important features: pressure variation scales with the square of the Mach number, the zero order velocity
field is subject to a divergence constraint, and the second order pressure satisfies a Poisson-type equation in the case of
constant-entropy. The analysis also leads to an unexpected conclusion that the velocity filed computed by traditional pre-
conditioned Roe scheme does not satisfy the divergence constraint as the Mach number vanishes. Moreover, the analysis
explains the reason of checkerboard decoupling and shows that momentum interpolation method provides a similar mech-
anism as traditional preconditioned Roe scheme inherently possesses to suppress checkerboard decoupling. In the end,
general rulers for modifying non-linear eigenvalues are obtained. Finally, several numerical experiments are provided to
support the theoretical analysis. All-Speed-Roe scheme has a sound foundation and is expected to be widely studied
and applied to all speed flow calculations.
� 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Shock-capturing schemes and time-marching algorithms are widely used in computation of compressible
flows. For nearly incompressible flows, however, these technologies meet the problem of the large disparity
between the fluid speed u and the acoustic speed c, which leads to both difficult convergence and deteriorated
accuracy. In fact, the mathematic natures of compressible and incompressible flows are different, with their
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respective hyperbolic and elliptic systems of governing partial differential equations. This is why flow fields are
usually subdivided into compressible and incompressible ones in fluid mechanics, and corresponding compu-
tational methods are developed with relative independence. As a result, current flow solvers based on com-
pressible flow methods are not suitable for incompressible flows, and vice versa. However, engineers prefer
to use a unique code for varying flow conditions. Moreover, many problems contain both nearly incompress-
ible flow regions with very low Mach numbers and decidedly compressible flow regions even with shocks, such
as flows around turbomachinery blades at high angle of attack or in strongly convergent nozzles. For such
problems, the compressible flow equations must be used throughout all the flow regions. Therefore, a general
method for all flow speeds is of great practical and theoretical interest.

As an important algorithm to make shock-capturing and time-marching schemes effective for nearly incom-
pressible flows, preconditioning methods [1–6] have been developed over the past decade, which provide a
powerful remedy for the accuracy and convergence problems of schemes designed for compressible flows. Pre-
conditioning methods provide that time derivatives are pre-multiplied by a matrix. Therefore, the effect of
acoustic speed is slowed down towards the fluid speed.

However, in practice, most of previous preconditioned schemes [2–6] adopted the cut-off strategy as men-
tioned in Eq. (14) below that limits the capability of accurate simulating mixed low-speed/high-speed flows [3],
or else preconditioned schemes are unstable unless the time step is extremely small, especially for viscous flows.
This numerical phenomenon has been shown by numerical experiments [15,16], and some stability analyses are
presented [7,15–17]. As an attempt to remedy this deficiency, a new scheme, All-Speed-Roe scheme, is devel-
oped based on preconditioning technique [8]. This scheme can use reasonable time steps without adopting the
cut-off strategy to numerical dissipation. Compared with preconditioned schemes, the new scheme is easier for
programming, more robust in computation of viscous flows and more accurate spatially. All-Speed-Roe
scheme contains such an idea: numerical dissipations of Roe-type shock-capturing schemes can be modified
for all flow speeds through changing the non-linear eigenvalues only. This partly empirical assumption may
cause suspicion about the rationality of All-Speed-Roe scheme. For high-Mach-number flows, its rationality
is easily convinced because All-Speed-Roe scheme becomes Roe scheme almost. The doubt mainly focuses on
the behaviour of All-Speed-Roe scheme in the low Mach number limit. Therefore, besides the numerical exam-
ples provided in Ref. [8], a mathematic proof is still needed urgently to strengthen its theoretical foundation
for this scheme to be widely accepted.

In this work, asymptotic analysis is adopted to research the behaviour of All-Speed-Roe scheme in the
low Mach number limit. Asymptotic analysis is an important method to study the flow behaviour at low
Mach numbers. A single scale asymptotic analysis was employed by Klainerman and Majda [9] to investi-
gate the transition from the continuous compressible to the continuous incompressible regime. Later on,
Klein [10] proposed a multiple length scale analysis to study the numerical behaviour of low Mach number
flows. Recently, asymptotic analysis is used to demonstrate that shock-capturing schemes, such as Roe
scheme [5], Godunov-type schemes [6], and AUSMDV scheme [11], produce unphysical discrete results
but their corresponding preconditioned schemes have the correct scaling of pressure fluctuations when
M ? 0.

The outline of this paper is as follows. Section 2 gives the governing equations with their non-dimension-
alization and asymptotic expansion and the results for continuous case under the constant-entropy condition.
Section 3 briefly reviews Roe scheme, the preconditioned Roe scheme, the Low-Speed-Roe scheme that is the
basic of All-Speed-Roe scheme, and All-Speed-Roe scheme. Section 4 provides two ways to demonstrate the
behaviour of All-Speed-Roe scheme in the low Mach number and constant entropy limit. In this chapter, an
asymptotic analysis leads to the general formation of All-Speed-Roe scheme and the problem of checkerboard
decoupling is also analyzed in detail. Section 5 gives some numerical experiments to support theoretical anal-
ysis. Finally, Section 6 closes the paper with some concluding remarks.

2. Governing equations and asymptotic expansion

2.1. Euler compressible equations

For simplicity, the two-dimensional Euler compressible equations are written as
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oQ

ot
þ oF

ox
þ oG

oy
¼ 0 ð1Þ
where: Q ¼ q qu qv qE½ �T, F ¼ qu qu2 þ p quv uðqE þ pÞ
� �T

, G ¼ qv quv qv2 þ p vðqEþ
�

pÞ�T, q is the fluid density, u, v are the velocity components in Cartesian coordinates (x,y), respectively, p is
the pressure and E is the total energy.

2.2. Asymptotic expansion

As the first step in asymptotic expansion, the governing equations are non-dimensionalized respect to
parameters q* = max(q), u� ¼ maxðj~ujÞ, and the sound speed scale c� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c maxðpÞ=q�

p
, with the non-dimen-

sional flow variables defined as follows:
~q ¼ q
q�
; ~p ¼ p

q�ðc�Þ2
; ~u ¼ u

u�
; ~v ¼ v

u�
; eE ¼ E

ðc�Þ2
; ~x ¼ x

x�
; ~t ¼ tu�

x�
ð2Þ
where x* is an arbitrary length scale.
Then the variables are asymptotically expanded into powers of the reference Mach number M* = u*/c*:
~/ ¼ ~/0 þM�~/1 þM2
�
~/2 þM3

�
~/3 þ � � � ð3Þ
where / represents one of the fluid variables, i.e. q, u, v, E, or p and the superscript � will be dropped in the
following text for convenience.

By substituting expressions (2) and (3) into the continuous Eq. (1), Ref. [5] proves that the behaviour of the
flow variables in the continuous case includes at least three important features as follows:

(1) The pressure varies in space asymptotically with the square of the reference Mach number:
pðx; tÞ ¼ P 0ðtÞ þM2
�p2ðx; tÞ ð4Þ

This means that both p0 and p1 in the expansion of p are constant in space for the continuous cases.

(2) The velocity field is subject to a divergence constraint as the Mach number vanishes:
divð~u0Þ ¼ 0 ð5Þ

(3) The second order pressure satisfies a Poisson-type equation that is closely related to the divergence con-

straint for velocity and the constant constraint for density:
r2p2 ¼ f ð~x;~u0; q
0Þ ð6Þ
It should be noticed that Eq. (6) holds only if q0 = Cte. However, Ref. [10] points out that any low- or zero-
Mach number flow that has non-constant entropy also has non-constant density. Therefore, the discussion
about Eq. (6) in this paper is restricted to cases with constant-entropy.

Eq. (4) is the most important flow behaviour in discrete cases, and is researched in all related papers about
preconditioned schemes such as Refs. [5,6,11]. However, those papers suffer from lack of depth in analyzing
Eqs. (5) and (6), which will also be researched in this paper.

3. Numerical schemes

3.1. The general form of schemes and discussion of the central term

Many schemes including Roe scheme can be expressed as the sum of a central term and a numerical dis-
sipation term:
eF ¼ eF c þ eF d ð7Þ

Eq. (7) is the general form of schemes, in which eF c is the central term and eF d the numerical dissipation

term.
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For simplicity, in what follows equations of scheme are given for the i-direction with the index j omitted.
In general, the central term eF c is expressed as
eF c;iþ1
2
¼ 1

2
ðF i þ F iþ1Þ ð8Þ
eF c can also be expressed as other forms for different considerations. For example, in order to avoid velocity-
pressure checkerboard decoupling, Ref. [13] proposes a form of momentum interpolation by adding a pressure
stabilization term to the interface fluid velocity as done in Ref. [12]. The form is
eF press

c;iþ1
2

¼ U c
bQ iþ1

2
þ Piþ1

2
ð9Þ
where U c ¼ uiþ1
2;L
þ uiþ1

2;R

� �
=2� c2=ðq�u�Þ piþ1

2;R
� piþ1

2;L

� �
, bQ ¼ q qu qv qE þ p½ �T;P ¼ 0 p 0 0½ �T,

and c2 is a constant that should be chosen as small as possible for the accuracy reason. For the stability reason,
however, Ref. [13] recommends that c2 should be larger than a threshold value 0.04.

For simplicity, it is default to use Eq. (8) as the central term in the next unless otherwise specified, because
the main difference between schemes lies in the numerical dissipation term, which will be discussed below.

3.2. Roe scheme and preconditioned Roe scheme

For ‘‘classical” Roe scheme, the numerical dissipation term can be expressed as
eF Roe
d;iþ1

2
¼ � 1

2
Riþ1

2
Kiþ1

2

��� ���R�1
iþ1

2
ðQiþ1 �QiÞ ð10Þ
where R is the right eigenvector matrix of oF
oQ

and K the diagonal matrix formed with relevant eigenvalues:
k1;2 ¼ u and k3;4 ¼ u� c ð11Þ

For preconditioned Roe scheme (denoted by Pre-Roe scheme):
eF P-Roe
d;iþ1

2
¼ � 1

2
C�1

iþ1
2

bRiþ1
2

bKiþ1
2

��� ��� bR�1
iþ1

2
ðQiþ1 �QiÞ ð12Þ
where C ¼ oQ
oW

C0
oW
oQ

is the preconditioner based on conservation variables with C0 ¼ diag h 1 1 1ð Þ when

W is a vector of primitive variables p u v S½ �T. When h = 1, Pre-Roe becomes ‘‘classical” Roe scheme. bR
is the right eigenvector matrix of C oF

oQ
and bK is the diagonal matrix formed with relevant eigenvalues:
k̂1;2 ¼ u and k̂3;4 ¼ u0 � c0 ¼ 1

2
ð1þ hÞu�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2hþ ð1� hÞ2u2

q� 	
ð13Þ
In theory, the key factor h should relate to the local Mach number. However, in order to avoid computa-
tional instability, h is cut-off by the global Mach number:
h ¼ min½maxðKM 2
ref ;M

2Þ; 1� ð14Þ

where the constant K is typically equal to 1, and the reference Mach number Mref is the global Mach number,
which may be the inlet Mach number, the average Mach number, or the maximum Mach number over the
flow. This means that the accuracy can be high enough in high-speed flow regions, such as the main flow,
but will be deteriorated in low-speed flow regions, such as the boundary layers.
3.3. Low-Speed-Roe scheme

The computational instability of preconditioning technique is due to the eigenvector matrix [14] and the
structure of 1

h in the eigenvector matrix [15,16]. Therefore, Low-Speed-Roe scheme is derived from Roe scheme
based on preconditioning technology for low speed flow condition as [8,15,16]:
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eF L-Roe
d;iþ1

2
¼ � 1

2
uiþ1

2

��� ���½qiþ1 � qi; qiþ1uiþ1 � qiui; qiþ1viþ1 � qivi; cðqiþ1Eiþ1 � qiEiÞ�T

� � 1

2
uiþ1

2

��� ���ðQiþ1 �QiÞ ð15Þ
This scheme is similar to the simplified AUSM+ scheme [13] for large eddy simulation (LES), in that their
numerical dissipations are both proportional to the local fluid speed. Namely, Low-Speed-Roe scheme has
good uniform accuracy both in the boundary layers and in the main flow.

However, Low-Speed-Roe scheme is only tailored for globally low speed flows without the effect of acoustic
speed on the numerical dissipation term. All-Speed-Roe scheme is, therefore, proposed in next section to over-
come this limitation while holding the advantage of uniform accuracy.

3.4. All-Speed-Roe Scheme

Now that ‘‘classical” Roe scheme is suitable for high-Mach-number flows as well known while Low-Speed-
Roe scheme is effective for low Mach number flows as shown above, All-Speed-Roe scheme is proposed, which
combines the advantages of the two schemes by introducing a function of the local Mach number [8] as
eF A-Roe
d;iþ1

2
¼ � 1

2
Riþ1

2
KA-Roe

iþ1
2

��� ���R�1
iþ1

2
ðQiþ1 �QiÞ ð16Þ
where R is the right eigenvector matrix of oF
oQ

consistent to that of ‘‘classical” Roe scheme (10), but the elements
of the diagonal matrix KA-Roe different from those in Eq. (11) are
kA-Roe
1;2 ¼ u and kA-Roe

3;4 ¼ u� f ðMÞc ð17Þ
The central term can otherwise be obtained by combining Eqs. (8) and (9) with the function f(M) as shown
in Ref. [8]:
eF A-Roe
c;iþ1

2
¼ f ðMÞeF c;iþ1

2
þ ½1� f ðMÞ�eF press

c;iþ1
2

The factor f(M) should be related to the local Mach number, because the numerical dissipation should
change with the local Mach number based on the viewpoint of preconditioning methods. Three rules should
be observed in choosing function f(M):

1. 0 < f(M) < 1 when 0 < M < 1
2. f(M) ? 0 when M ? 0
3. f(M) = 1 when M P 1

A expression of f(M) is recommended and shown in Eq. (18) and Fig. 1, which takes account of the relation
of the fluid speed and acoustic speed in preconditioned eigenvalues in Eq. (13) and has been calibrated.
f ðMÞ ¼ c0

u0
u
c
¼ min M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ ð1�M2Þ2

q
1þM2

; 1

0
@

1
A ð18Þ
Fig. 1 shows the effect of Mach number on the function f(M) calculated from Eq. (18). Near shocks All-
Speed-Roe scheme becomes ‘‘classical” Roe scheme because the value of f(M) tends to 1 smoothly when
M ? 1. This means that All-Speed-Roe scheme is valid for a compressible flow. For very low Mach number
flows, f(M) is adjusted almost proportionally to the local Mach number.

For All-Speed-Roe scheme, the cut-off strategy is no longer needed. It means that h can be defined as
h = min[M2,1] [8].

As to the behaviour in time of the scheme, we give a modified method to accelerate convergence for low
Mach number steady flows [8]. Ref. [5] points out for unsteady flows that the temporal accuracy of the scheme
is not affected when preconditioning is only used to modify the dissipation terms. It means that the variation
of the spatial numerical dissipation has no effect on the temporal accuracy. Consequently, All-Speed-Roe
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scheme can be directly applied to unsteady flows provided that the dissipation terms are modified with explicit
multistage temporal discretization. However, explicit multistage method is subject to the stringent CFL time
step constraints. Ref. [1] shows that the method of dual time stepping is a better choice for unsteady flows to
obtain time-accurate solutions of the preconditioned equations. The method of dual time stepping is also good
for All-Speed-Roe scheme for unsteady flows to obtain better convergence efficiency, because it can utilize
accelerating convergence techniques developed for steady flows.

All-speed-Roe scheme is so simple and easy to use uniformly for all speed flows that we expect that it is
potent to replace the traditional preconditioned schemes in all-speed flow calculations. Therefore, further
research is desired to strengthen its theoretical foundation. The following mathematic proofs are given to
address the doubt about the behaviour of All-Speed-Roe scheme in the low Mach number limit.

4. Asymptotic analysis of discretized cases

4.1. Low-Speed-Roe scheme

Firstly, we perform an asymptotic analysis, which is introduced by Ref. [5], on Low-Speed-Roe scheme
used to approximate Euler Eq. (1). For simplicity, we consider a regular Cartesian mesh of uniform grid size
d, and we label neighbours of grid node i with sign m(i) = {(i � 1, j), (i + 1, j), (i, j � 1), (i, j + 1)}. The cell
associated with node i is Ci = [i � 1/2, i + 1/2] 	 [j � 1/2, j + 12], and~nil is the unit normal vector on the inter-
face between the cells associated with node i and node l.

The following semi-discrete equations can be easily obtained by applying Low-Speed-Roe scheme Eq. (15)
in a first-order finite volume context:
Continuity equation:
d
oqi

ot
þ 1

2

X
l2vðiÞ

ql~ul �~nil þ
1

2

X
l2vðiÞ
jUiljDilq ¼ 0 ð19Þ
Horizontal momentum equation:
d
oqiui

ot
þ 1

2

X
l2vðiÞ

qlul~ul �~nil þ plðnxÞil þ
1

2

X
l2vðiÞ
jU iljðuilDilqþ qilDiluÞ ¼ 0 ð20Þ
Vertical momentum equation:
d
oqivi

ot
þ 1

2

X
l2vðiÞ

qlvl~ul �~nil þ plðnyÞil þ
1

2

X
l2vðiÞ
jUiljðvilDilqþ qilDilvÞ ¼ 0 ð21Þ
Energy equation:
d
oqiEi

ot
þ 1

2

X
l2vðiÞ
ðqlEl þ plÞ~ul �~nil þ

1

2

X
l2vðiÞ
jU iljðEilDilqþ qilDilEÞ ¼ 0 ð22Þ
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The state law of perfect gas is also needed:
p ¼ RT q ¼ ðc� 1Þ qE � 1

2
qðu2 þ v2 þ w2Þ

� 	
ð23Þ
In the above equations, U = unx + vny, Dil/ = /i � /l, and /il denotes the Roe average of the states /i and /l.
On substituting the non-dimensional variables Eq. (2) into Eqs. (19)–(23), the dimensionless discrete equa-

tions are obtained:
~d
oqi

ot
þ 1

2

X
l2vðiÞ

ql~ul �~nil þ jUiljDilq ¼ 0 ð24Þ

1

2M2
�

X
l2vðiÞ

plðnxÞil þ ~d
oqiui

ot
þ 1

2

X
l2vðiÞ

qlul~ul �~nil þ jU iljðuilDilqþ qilDiluÞ ¼ 0 ð25Þ

1

2M2
�

X
l2vðiÞ

plðnyÞil þ ~d
oqivi

ot
þ 1

2

X
l2vðiÞ

qlvl~ul �~nil þ jU iljðvilDilqþ qilDilvÞ ¼ 0 ð26Þ

~d
oqiEi

ot
þ 1

2

X
l2vðiÞ
ðqlEl þ plÞ~ul �~nil þ jUiljðEilDilqþ qilDilEÞ ¼ 0 ð27Þ

p ¼ ðc� 1Þ qE �M2
�

2
qðu2 þ v2 þ w2Þ

� 	
ð28Þ
Expansions of all the variables as powers of the reference Mach number M* (Eq. (3)) are substituted into
Eqs. (24)–(28), and the terms with equal powers of M* are collected for research of the behaviour described in
Eqs. (4)–(6):

(1) Order 1=M2
�

p0
i�1;j � p0

iþ1;j ¼ 0 ð29Þ
p0

i;j�1 � p0
i;jþ1 ¼ 0 ð30Þ
(2) Order 1/M*
p1
i�1;j � p1

iþ1;j ¼ 0 ð31Þ
p1

i;j�1 � p1
i;jþ1 ¼ 0 ð32Þ
(3) Order 1
~d
oq0

i

ot
þ 1

2

X
l2vðiÞ

q0
l~u

0
l �~nil þ jU 0

iljDilq
0 ¼ 0 ð33Þ

p2
i�1;j � p2

iþ1;j ¼ 2~d
oq0

i u0
i

ot
þ
X
l2vðiÞ

q0
l u0

l~u
0
l �~nil þ jU 0

iljðu0
ilDilq

0 þ q0
ilDilu0Þ ð34Þ

p2
i;j�1 � p2

i;jþ1 ¼ 2~d
oq0

i v0
i

ot
þ
X
l2vðiÞ

q0
l v0

l~u
0
l �~nil þ jU 0

iljðv0
ilDilq

0 þ q0
ilDilv0Þ ð35Þ

~d
oq0

i E0
i

ot
þ 1

2

X
l2vðiÞ
ðq0

l E0
l þ p0

l Þ~u0
l �~nil þ jU 0

iljðE0
ilDilq

0 þ q0
ilDilE0Þ ¼ 0 ð36Þ
The pressure behaviour (Eq. (4)) is studied at the first.
Eqs. (29) and (30) imply that p0 has a chess-like four-field solution as shown in Fig. 2. In the viewpoint of

physics, A = B = C = D. Therefore, p0
i ¼ cte 8i.

However, in numerical simulation of low Mach number flows, it is not assured to avoid a four-field solution
that leads to the classical problem of velocity-pressure checkerboard decoupling. This is why we need
additional methods, such as staggered grids or momentum interpolation in collocated grids, to obtain the
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Fig. 2. Four-field solution.
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physical solution. It is preferred to use momentum interpolation method as in Eq. (9) because it is easier to
realize, although staggered grids method is more effective.

For the same reason, Eqs. (31) and (32) imply that p1
i ¼ cte 8i in physics.

Eqs. (34) and (35) indicate that the order M2
� pressure p2 is not a constant. Therefore, the discrete solution

by Low-Speed-Roe scheme supports pressure fluctuations of order M2
� (Eq. (4)):
pðx; tÞ ¼ P 0ðtÞ þM2
�p2ðx; tÞ ð37Þ
The velocity behaviour is then studied. The order 1 state law is
P 0 ¼ ðc� 1Þq0E0 ð38Þ

According to Ref. [5], the pressure P0 can be assumed as a constant in time as well as in space:
dP 0

dt
¼ 0 ð39Þ
Consequently, q0E0 is also a constant in space and time according to Eq. (38), i.e.:
oq0E0

ot
¼ rq0E0 ¼ 0 ð40Þ
As shown in Ref. [5], the operator Dil obeys the following rules for the Roe average:
Dilðq/Þ ¼ qDil/þ /Dilq ð41Þ

Then the order 1 energy Eq. (36) can be deformed as
~d
oq0

i E0
i

ot
þ 1

2

X
l2vðiÞ
ðq0

l E0
l þ p0

l Þ~u0
l �~nil þ jU 0

iljDilq
0E0 ¼ 0
Upon introducing Eq. (40) and p0
i ¼ cte 8i, it is easy to obtain:
u0
iþ1;j � u0

i�1;j þ v0
i;jþ1 � v0

i;j�1 ¼ 0 ð42Þ
Eq. (42) is the discretized version of Eq. (5). Therefore, the discrete solution by Low-Speed-Roe scheme
supports the behaviour of velocity field described in Eq. (5).

The order 1 continuity Eq. (33) can be expressed as
~d
oq0

i

ot
þ 1

2
ðq0

iþ1;ju
0
iþ1;j � q0

i�1;ju
0
i�1;j þ q0

i;jþ1v0
i;jþ1 � q0

i;j�1v0
i;j�1Þ þ

1

2

X
l2vðiÞ
jU 0

iljDilq
0 ¼ 0 ð43Þ
With the condition of Eq. (42), it is easy to know that a common solution of Eq. (43) should be
q0 ¼ Cte ð44Þ

However, it is difficult to prove that Eq. (44) is the unique solution of Eq. (43). In fact, as mentioned in Ref.

[10], q0 is not constant if entropy varies. Fortunately, without the trouble of checkerboard decoupling, it is
easy to find numerical experiments supporting Eq. (44) provided that the initial entropy is constant and the
initial density has non-trivial O(1) variations.



5152 X.-s. Li, C.-w. Gu / Journal of Computational Physics 227 (2008) 5144–5159
The behaviour of second order pressure (Eq. (6)) is studied in the end.
Adding Eqs. (34) and (35) as vectors and introducing Eq. (44), we can obtain:
~i
1

2

X
l2vðiÞ

p2
l ðnxÞil þ~j

1

2

X
l2vðiÞ

p2
l ðnyÞil þ ~d

q0
i o~u

0
i

ot
þ 1

2
q0

l

X
l2vðiÞ

~u0
l~u

0
l �~nil þ jU 0

iljDil~u
0 ¼ 0 ð45Þ
Divided by q0
i and then operated by the divergence operator, in Eq. (45) the time derivative terms of the

velocity field will vanish according to Eq. (42). Consequently, with Eq. (44) taken into account, the following
Eq. (46) can be obtained subject to the constant-entropy condition:
p2
iþ2;j þ p2

i�2;j þ p2
i;jþ2 þ p2

i;j�2 � 4p2
i;j ¼ f ð~x;~u0; q0Þ ð46Þ
Eq. (46) is the discretized Poisson-type equation to describe the behaviour of p2 just like Eq. (6) for the con-
tinuous case. It indicates that spatial pressure fluctuations in the discretized system not only scale with the
square of the reference Mach number, but also actually satisfy the correct limit equations.

It is noticed that the subscripts of pressure in Eq. (46), such as i � 2, i and i + 2, imply odd–even decou-
pling, indicating that p2 also suffers from the problem of checkerboard decoupling.

Now, let’s see the order 1 energy equation of traditional preconditioned Roe scheme derived from Ref. [5]
under the conditions p0

i ¼ cte 8i and p1
i ¼ cte 8i:
~d
oq0

i E0
i

ot
þ 1

2

X
l2vðiÞ
ðq0

l E0
l þ p0

l Þ~u0
l �~nil þ

h0
ilffiffiffiffiffiffi
Y 0

il

q U 0
ilq

0
ilDilU 0 þ 2h0

ilffiffiffiffiffiffi
Y 0

il

q Dilp2 ¼ 0
According to Eqs. (34) and (35), we know that Dilp
2 changes with time. Therefore, introducing Eq. (40) into

the above equation, we can obtain:
u0
iþ1;j � u0

i�1;j þ v0
i;jþ1 � v0

i;j�1 ¼ �
1

q0
l E0

l þ p0
l

X
l2vðiÞ

h0
il

2
ffiffiffiffiffiffi
Y 0

il

q U 0
ilq

0
ilDilU 0 þ h0

ilffiffiffiffiffiffi
Y 0

il

q Dilp2 6¼ 0 ð47Þ
Eq. (47) means that the velocity field does not satisfy the zero-Mach number divergence constraint in Eq.
(5) for the system discretized by traditional preconditioned Roe scheme. Because the divergence constraint for
velocity is one of the prerequisites for obtaining the Poisson-type equation of the second order pressure Eq.
(6), the latter constraint is also not satisfied. According to these unexpected results, we can also conclude that
Low-Speed-Roe scheme has better accuracy than traditional preconditioned Roe scheme.

The above discussions lead to the conclusion that Low-Speed-Roe scheme correctly reproduces the limiting
behaviour of the continuous case, provided that the checkerboard modes in pressure and velocity can be con-
trolled. In contrast, previously suggested preconditioned Roe schemes appear to violate the zero-velocity
divergence constraint.

4.2. All-Speed-Roe scheme – an approximate analysis

This section gives a simple way to identify the behaviour of All-Speed-Roe scheme. As shown in Fig. 1,
within the range M < 0.3, f(M) defined by Eq. (18) is roughly proportional to Mach number and can be
approximated by
f ðMÞ �
ffiffiffi
5
p

M ð48Þ

Thus, the scheme Eq. (16) is deformed for low speeds:
eF A-Roe
d;iþ1

2
� � 1

2
Riþ1

2

juj
juj ffiffiffi

5
p
� 1


 �
jujffiffiffi

5
p
þ 1


 �
juj

2
66664

3
77775

iþ1
2

R�1
iþ1

2
ðQiþ1 �QiÞ 6

ffiffiffi
5
p
þ 1

� �eF L-Roe
d;iþ1

2
ð49Þ
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Eq. (49) means that the dissipation of All-Speed-Roe scheme will be no more than a few times those of
Low-Speed-Roe scheme in the low Mach number limit. This essential feature of All-Speed-Roe scheme makes
its behaviour similar to that of Low-Speed-Roe scheme.

Although it may be a deficiency that the dissipations of All-Speed-Roe scheme (Eqs. (16)–(18)) have larger
margins than those of Low-Speed-Roe scheme, there has not been evidence of deteriorated resolutions so far.
This problem can be further solved by choosing f(M) another way. If we define f(M) ? 0 for low Mach num-
ber, All-Speed-Roe scheme approximately possesses the same numerical dissipation as Low-Speed-Roe
scheme in the low Mach number limit.

4.3. All-Speed-Roe scheme – a general analysis

The approximate analysis mentioned above has revealed the essential feature of All-Speed-Roe scheme. In
order to understand All-Speed-Roe scheme further, in this section we give a general analysis, which is valid for
all of the concerned schemes. Firstly, we express pseudo-eigenvalues as
kA-Roe
1;2 ¼ U ; kA-Roe

3 ¼ f1ðMÞc; and kA-Roe
4 ¼ f2ðMÞc ð50Þ
Upon introducing Eq. (50) into Eq. (16), the dimensionless discrete governing equations for All-Speed-Roe
scheme can be obtained as follows.

Continuity equation:
~d
oqi

ot
þ 1

2

X
l2vðiÞ

ql~ul �~nil þ jU ilj Dilq�
1

c2
il

Dilp
� 

þ 1

2M�

X
l2vðiÞ

�d1
1

2cil
Dilp þ

1

2

X
l2vðiÞ

�d2qilDilU ¼ 0 ð51Þ
Horizontal momentum equation:
1

2M2
�

X
l2vðiÞ

plðnxÞil þ ~d
oqiui

ot
þ 1

2

X
l2vðiÞ
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þ 1

2M�

X
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1

2M�

X
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�d1ðnxÞilqilcilDilU þ
1

2

X
l2vðiÞ

�d2qiluilDilU þ
1

2M2
�

X
l2vðiÞ

�d2ðnxÞilDilp ¼ 0

ð52Þ
Vertical momentum equation:
1

2M2
�

X
l2vðiÞ

plðnyÞil þ ~d
oqivi

ot
þ 1

2

X
l2vðiÞ

qlvl~ul �~nil þ jUiljvil Dilq�
Dilp
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2M�

X
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�d1
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1

2M�

X
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�d1ðnyÞilqilcilDilU þ
1

2

X
l2vðiÞ

�d2qilvilDilU þ
1

2M2
�

X
l2vðiÞ

�d2ðnyÞilDilp ¼ 0

ð53Þ

Energy equation:
~d
oqiEi

ot
þ 1

2

X
l2vðiÞ
ðqlEl þ plÞ~ul �~nil þ

M2
�

2

X
l2vðiÞ
jU ilj
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il þ v2

il
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þ qiljU iljV ilDilV
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2M�

X
l2vðiÞ

�d1
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2cil
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2

X
l2vðiÞ

�d1U ilqilcilDilU þ
1

2

X
l2vðiÞ

�d2ðqilH ilDilU þ U ilDilpÞ ¼ 0 ð54Þ
Signals �d1 ¼ jf2ðMÞj þ jf1ðMÞj, �d2 ¼ jf2ðMÞj � jf1ðMÞj and V = � uny + vnx are used in the above
equations.

Upon choosing proper forms of f1(M) and f2(M) into Eqs. (51)–(54), the behaviour of specific scheme can
be analyzed. Examples are given below.

(i) For ‘‘classical” Roe scheme, it holds that:
f1 ¼
U
c
� 1 and f 2 ¼

U
c
þ 1; and thus
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�d1 ¼ 2 and �d2 ¼ 2
U
c
¼ 2M�

eU
~c
Introducing these expressions into the governing equations we can obtain:
X
l2vðiÞ

Dilp0

c0
il

¼ 0 ð55Þ

p0
i�1;j � p0

iþ1;j ¼ 0 ð56Þ
p0

i;j�1 � p0
i;jþ1 ¼ 0 ð57ÞX

l2vðiÞ

u0
il þ ðnxÞilU 0

il

c0
il

Dilp0 þ ðnxÞilc0
ilq

0
ilDilU 0 þ

X
l2vðiÞ

p1
l ðnxÞil ¼ 0 ð58Þ

X
l2vðiÞ

v0
il þ ðnyÞilU 0

il

c0
il

Dilp0 þ ðnyÞilc0
ilq

0
ilDilU 0 þ

X
l2vðiÞ

p1
l ðnyÞil ¼ 0 ð59Þ
Eqs. (55)–(57) imply that p0
i ¼ cte 8i without possibility of velocity-pressure decoupling [5], and Eqs. (58)

and (59) indicate that p1
i is not a constant. Therefore, the discrete solution of Roe scheme supports pressure

fluctuations of order M*:
pðx; tÞ ¼ P 0ðtÞ þM�p1ðx; tÞ ð60Þ

(ii) For Low-Speed-Roe scheme, it holds that f1 ¼ f2 ¼ U

c , and thus:
�d1 ¼ 2M�
eU
~c

�����
����� and �d2 ¼ 0
Accordingly, equations and conclusions in Section 4.1 can be obtained easily.
(iii) For All-Speed-Roe scheme Eqs. (16)–(18), it holds that:
f1 ¼
U
c
�M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ ð1�M2Þ2

q
1þM2

and f 2 ¼
U
c
þM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ ð1�M2Þ2

q
1þM2

; and thus

�d1 ¼ 2M� eM
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ ð1�M2

�
eM 2Þ2

q
1þM2

�
eM 2

and �d2 ¼ 2
U
c
¼ 2M�

eU
~c
In order to research the pressure behaviour in the form of Eq. (4), the relevant terms with equal power of
M* in the governing equations are collected:
p0
i�1;j � p0

iþ1;j ¼ 0 ð61Þ
p0

i;j�1 � p0
i;jþ1 ¼ 0 ð62Þ

p1
iþ1;j � p1

i�1;j þ 2
X
l2vðiÞ

ðnxÞilU 0
il

c0
il

Dilp0 ¼ 0 ð63Þ

p1
i;jþ1 � p1

i;j�1 þ 2
X
l2vðiÞ

ðnyÞilU 0
il

c0
il

Dilp0 ¼ 0 ð64Þ
The forms of Eqs. (61) and (62) are exactly the same as those of Eqs. (29) and (30), also leading to the same
conclusions that p0

i ¼ cte 8i in physics but p0 suffers from the four-field solution problem. If p0 is a constant in
space, Eqs. (63) and (64) of p1 will have the same forms as Eqs. (61) and (62) for p0. Then p1

i ¼ cte 8i when
excluding the possibility of the four-field solution. Therefore, the discrete solution of All-Speed-Roe scheme
(16)–(18) supports pressure fluctuations of order M2

� as shown in Eq. (37):
pðx; tÞ ¼ P 0ðtÞ þM2
�p2ðx; tÞ
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With the conditions of p0
i ¼ cte 8i and p1

i ¼ cte 8i taken into account, the relevant terms of order 1 in
energy Eq. (54) and continuity Eq. (51) and the vector sum of terms of order 1 in horizontal momentum
Eq. (52) and vertical momentum Eq. (53) are collected as
~d
oq0

i E0
i

ot
þ 1

2

X
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ðq0

l E0
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l Þ~u0
l �~nil ¼ 0 ð65Þ
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iljDilq
0 ¼ 0 ð66Þ
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þ f ð~x;~u0; q0Þ ¼ 0 ð67Þ
With the same logic used in Section 4.1, we can obtain the same results under the constant-entropy
condition:
u0
iþ1;j � u0

i�1;j þ v0
i;jþ1 � v0

i;j�1 ¼ 0

q0 ¼ Cte

p2
iþ2;j þ p2

i�2;j þ p2
i;jþ2 þ p2

i;j�2 � 4p2
i;j ¼ f ð~x;~u0; q0Þ
These results mean that discrete cases of the All-Speed-Roe scheme defined by Eqs. (16)–(18) has the same
behaviour as continuous cases in the low Mach number and constant-entropy limit.

(iv) For a more general form of All-Speed-Roe scheme, the choice of factor f(M) may be optimized.
In All-Speed-Roe scheme we simply multiply the sound speed term in eigenvalues of Roe scheme by a function

f(M) to remedy the accuracy problem. The form of f(M) given in Eq. (18) is not the only one. Three empirical rules
defining function f(M) are given in Section 3.4. Further mathematic considerations will follow to provide more
guidance for better choice in the low Mach number limit. We can express f(M) as polynomials of M:
f1ðMÞ ¼
U
c
�
X1
k¼0

b1;kMk and f 2ðMÞ ¼
U
c
þ
X1
k¼0

b2;kMk
where b1,k and b2,k are arbitrary integer. For purpose of generality, we express:
�d1 ¼
X1
k¼0

a1;kMk
�
eM k and �d2 ¼

X1
k¼0

a2;kMk
�
eM k
where a1,k and a2,k are arbitrary integers.
Then, the relevant terms with equal powers of M* are collected in order to research the behaviour of solu-

tions in the form shown in Eq. (4):
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Eqs. (68)–(70) are similar to those obtained from asymptotic analysis of preconditioned Roe scheme [5],
and the same conclusion p0

i ¼ cte 8i can be obtained. Similarly, Eqs. (71) and (72) indicate that p1
i ¼ cte 8i

if we are sure a1,0 = 0.In fact, a1,0 = 0 implies a2,0 = 0 because a1,0 P a2,0, and the latter relation can be derived
from the following expression:
X1
k¼0

ja1;kjMk
�
eM k ¼ j�d1j ¼ jjf2ðMÞj þ jf1ðMÞjjP jjf2ðMÞj � jf1ðMÞjj ¼ j�d2j ¼

X1
k¼0

ja2;kjMk
�
eM k ð73Þ
Under the conditions of p0
i ¼ cte 8i, p1

i ¼ cte 8i, a1,0 = 0 and a2,0 = 0, the relevant terms with equal power
of M* have the same forms as shown in Eqs. (65)–(67). It means that the discrete solutions satisfy the limit
Eqs. (5) and (6) if the entropy is assumed as constant.

Therefore, the sufficient and necessary condition for All-Speed-Roe scheme to possess necessary physical
behaviour in the low Mach number regime is that the non-linear pseudo-eigenvalues satisfy the following
rule:
jkA-Roe
3 j þ jkA-Roe

4 j ¼ jf1ðMÞjcþ jf2ðMÞjc ¼ c
X1
k¼1

akMk ð74Þ
where ak is an arbitrary integer.
For simplicity, we may set f(M) = f1(M) = f2(M). It is easy to see that condition Eq. (74) will be satisfied by

the following form of the factor:
f ðMÞ ¼
X1
k¼1

akMk ð75Þ
This more general form of the factor f(M) can be used conveniently and be optimized for different purposes.

4.4. Further discussion on the checkerboard decoupling problem

The discussions above show that p0, p1 and p2 all suffer from the problem of checkerboard decoupling for
Low-Speed-Roe scheme and All-Speed-Roe scheme while ‘‘classical” Roe scheme avoid this trouble although
it fails to satisfy the correct scaling of pressure fluctuations.

Paying attention again to Eqs. (68)–(70), we notice that checkerboard decoupling of p0 would be suppressed
if a1,0 6¼ 0 and a2,0 6¼ 0 because p0 would satisfy homogeneous Poisson-type equations. An example is the
expressions of traditional preconditioned Roe scheme given in Ref. [5]:
p0
iþ1;j � p0

i�1;j þ
X
l2vðiÞ

ðU 0nx þ 2u0Þilffiffiffiffiffiffi
Y 0

il

q Dilp0 ¼ 0 ð76Þ

p0
i;jþ1 � p0

i;j�1 þ
X
l2vðiÞ

ðU 0ny þ 2v0Þilffiffiffiffiffiffi
Y 0

il

q Dilp0 ¼ 0 ð77Þ

X
l2vðiÞ

Dilp0ffiffiffiffiffiffi
Y 0

il

q ¼ 0 ð78Þ
which have much better ability to suppress checkerboard decoupling of p0 than Eqs. (29) and (30), although
not all checkerboard modes are suppressed as shown in the numerical experiments below.

However, as discussed in Section 4.3, a1,0 and a2,0 must be zero for Low-Speed-Roe scheme and
All-Speed-Roe scheme. As a result, Eqs. (68)–(70) become Eqs. (29) and (30) and the discrete solutions
have to suffer from serious checkerboard decoupling problem. This is why a pressure stabilization term
as shown in Eq. (9) is inserted in the central term to provide a similar mechanism to suppress
checkerboard mode. With Eq. (9) used as the central term, the corresponding equal power terms
for p0 are
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p0
iþ1;j � p0

i�1;j þ
X
l2vðiÞ
½a2;0ðnxÞil þ 2c2q

0u0�Dilp0 ¼ 0 ð79Þ

p0
i;jþ1 � p0

i;j�1 þ
X
l2vðiÞ
½a2;0ðnyÞil þ 2c2q

0v0�Dilp0 ¼ 0 ð80Þ
X
l2vðiÞ

c2q
0Dilp0 ¼ 0 ð81Þ
Similar analysis is valid for p1 and p2.
Therefore, Low-Speed-Roe scheme and All-Speed-Roe scheme can avoid checkerboard mode as well as tra-

ditional preconditioned Roe scheme provided that the central term uses a form of momentum interpolation
such as Eq. (9) or the combined form shown in Ref. [8].

Unfortunately, it is easy to know that the momentum interpolation like Eq. (9) leads to non-zero velocity
divergences in the limit. The method of staggered grids may be a choice to avoid this embarrassment. How-
ever, in order to lessen the programming effort, an improved momentum interpolation method for this limi-
tation still deserves to be researched further.

5. Numerical experiments

In order to further examine the ability of All-Speed-Roe scheme for low Mach number flows, the inviscid
flow past a high-loaded turbine blade (T106) row is simulated. MUSCL reconstruction is applied for second
order accuracy. The mesh is adopted with 40*98 grid points in azimuthal and streamwise directions.

Fig. 3 shows the contours of pressure at a very low inlet Mach number (0.001), which are calculated with
the central term in the form of Eq. (8). Obviously, the twisted pressure field can be seen in Fig. 3(a), indicating
that original Roe scheme creates numerical dissipations in the low Mach number simulation, which is too
severe to give a physical solution. The problem of checkerboard decoupling, however, does not appear here.
A reasonable solution is calculated by traditional preconditioned Roe scheme as shown in Fig. 3(b). However
some small wiggle patterns in the pressure contours can be noticed, indicating that traditional preconditioned
Roe scheme cannot suppress the checkerboard modes totally. In fact, this deficiency is attributed to the
momentum interpolation itself. Fig. 3(c) provides a typical picture of checkerboard decoupling obtained by
All-Speed-Roe scheme with the construction of Eqs. (8), (16), (17) and (18). It is obvious that traditional pre-
conditioned Roe scheme is much better than All-Speed-Roe scheme in avoiding the checkerboard decoupling.

Applying momentum interpolation with c2 = 0.05 (Eq. (9)), All-Speed-Roe scheme gets great improvement
in the problem of checkerboard decoupling, as shown in Fig. 4(b), whereas the result in Fig. 4(a) by traditional
preconditioned Roe scheme is scarcely improved because the improving mechanism of Eq. (9) is similar to that
of preconditioned Roe scheme. Except for the effects of checkerboard decoupling, the contours by precondi-
Fig. 3. Pressure contours at inlet Mach number 0.001, simple form of the central term is used.



Fig. 4. Pressure contours at inlet Mach number 0.001, a pressure stabilization term is used in the central term.
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Fig. 5. Pressure fluctuations vs inflow Mach number.

5158 X.-s. Li, C.-w. Gu / Journal of Computational Physics 227 (2008) 5144–5159
tioned Roe and All-Speed-Roe schemes are undistinguishable from each other. It means that results by mod-
ified Roe schemes converge to a unique reasonable solution.

Fig. 5 displays the pressure fluctuations Ind(p) = (Pmax �Pmin)/Pmax vs the inlet Mach number when Eq. (9)
is used as the central term. Results by Low-Speed-Roe and All-Speed-Roe schemes perfectly agree with the
theoretical asymptotic predictions: the pressure fluctuations scale exactly with M2

� both in the continuous case
and in the preconditioned and relevant improved discrete cases.

6. Conclusions

In this paper, a numerical scheme for all-speed flows is developed, the idea of which is to simply multiply
the acoustic term c in eigenvalues of the present shock-capturing schemes by a factor f(M) to remedy their
accuracy problems. An asymptotic analysis leads to the following conclusions:

(1) The supposed All-Speed-Roe scheme has the same behaviour in low Mach number limit as the original
governing equations in the continuous case – the following important characteristics are held for its dis-
crete equations:
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(a) Pressure fluctuations scale with the square of the Mach number. This conclusion is also confirmed by
numerical experiments.

(b) The zero order velocity is subject to a divergence constraint.
(c) The second order pressure fluctuations satisfy a Poisson-type equation under the constant-entropy

condition.
For a discrete case, characteristics (b) and (c) are researched for the first time, although characteristic (a)
has been tackled by many predecessors [5,6,11]. An unexpected conclusion is also obtained that condi-
tions (b) and (c) are not satisfied by the discretized equations of traditional preconditioned Roe scheme.

(2) All-Speed-Roe scheme, unlike traditional preconditioned Roe scheme, does not have an inherent mech-
anism to suppress checkerboard decoupling. Instead, adding pressure stabilization terms to the interface
fluid velocity as done in Eq. (9) can also provide a similar mechanism.

(3) The choice of the function f(M) is not unique in All-Speed-Roe scheme, which will have the correct phys-
ical behaviour as long as f(M) takes the form f ðMÞ ¼ min

P1
k¼1akMk; 1


 �
. Its specific structures opti-

mized for accuracy and/or stability deserve further researches.

In summary, the proposed All-Speed-Roe scheme has a sound foundation for further development and
engineering applications.
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